Abstract. We distinguish between tight contact structures obtained by Legendrian surgeries on tight contact 3-manifolds with non-vanishing Ozsváth-Szabó invariants.
Introduction
Legendrian surgery is a common method to construct new tight contact structures from known ones. For its definition, see, e.g., [4, 12] . Following theorems by M. Gromov, Y. Eliashberg, A. Weinstein, J. Etnyre and K. Honda provide the basis for this method. For definitions of various types of fillability, see, e.g., [7, 8] .
Theorem 1.1 ([2, 8, 13]).
A weakly fillable contact structure on a 3-manifold is tight.
Theorem 1.2 ([3, 8, 18]).
If (M, ξ) is a Stein fillable (resp. strongly fillable, weakly fillable) contact 3-manifold, and (M ′ , ξ ′ ) is the contact 3-manifold obtained from it by Legendrian surgery along a Legendrian link, then (M ′ , ξ ′ ) is also Stein fillable (resp. strongly fillable, weakly fillable).
In [16] , P. Ozsváth and Z. Szabó introduced the Ozsváth-Szabó invariant c(ξ) of a contact structure ξ on a 3-manifold M . This invariant is an element of the quotient HF (−M )/{±1} of the Heegaard-Floer homology group of −M . They proved that c(ξ) = 0 when ξ is overtwisted, and c(ξ) = 0 when ξ is Stein fillable. Also, in [10] , P. Ghiggini pointed out that c(ξ) = 0 when ξ is strongly fillable. The behavior of c(ξ) under Legendrian surgeries is described in the following theorem by P. Ozsváth and Z. Szabó, which gives a generalization of the strongly fillable case of Theorem 1.2
, where W is the cobordism induced by the surgery.
Specially, this implies that ξ ′ is tight if c(ξ) = 0.
In order to give complete classifications of tight contact structures, we need to distinguish between the tight contact structures constructed by different Legendrian surgeries. The combination of the next two theorems does it for some tight contact structures.
Theorem 1.4 ([15]
). Let X be a smooth 4-manifold with boundary. Suppose J 1 , J 2 are two Stein structures with boundary on X with associated Spin-structures Θ 1 and Θ 2 . If the induced contact structures ξ 1 and ξ 2 on ∂X are isotopic, then Θ 1 and Θ 2 are isomorphic (and, in particular, have the same first Chern class). In practice, we can achieve different rotation numbers by stabilizing a Legendrian link in different ways. Then Corollary 1.6 implies that Legendrian surgeries on these stabilized Legendrian links give non-isotopic contact structures. For applications of this method, see, e.g., [11, 14, 19] . But the scope of this method is limited to Stein fillable contact structures. The goal of this paper is to generalize this method of distinguishing between tight contact structures to a larger class of tight contact structures. Before stating our main result, we introduce a variant of the Ozsváth-Szabó invariant. It's straightforward to generalize Theorem 1.8 to Legendrian links. And, according to [10] , c + (ξ) = 0 for any strongly fillable contact structure ξ. So, our result generalizes the usual scheme of constructing non-isotopic Stein fillable contact structures to a larger class of tight contact structures that includes strongly fillable ones.
Proof of Theorem 1.8
In [10] , P. Ghiggini refined Theorem 1.3, and got the following proposition.
, where W is the cobordism induced by the surgery and t is the canonical Spin C structure associated to the symplectic structure on W . Moreover, F + W,s (c + (ξ ′ )) = 0 for any Spin C structure s on W with s = t.
To prove Theorem 1.8, we also need the technical lemmas below. Lemma 2.2. Let W be a manifold with boundary, and M a component of ∂W . Suppose that L 1 and L 2 are two complex line bundles over W , and there is an isomorphism
Proof. Let J i be the complex structure on L i . Choose a metric g 2 on L 2 | M compatible with J 2 , and let
Without loss of generality, we assume that v is of unit length. Choose a section V 1 of L 1 | Σ with only isolated singularities that extends v, and a section V 2 of L 2 | Σ with only isolated singularities that extends Ψ(v). Then it's easy to see that 
Lemma 2.3 ([1, 9])
. Let (M, ξ) be a contact 3-manifold. There exists a Stein structure J on M × I, so that (M × I, J) is a Stein cobordism from (M, ξ) to itself, and there is a unitary decomposition T (M × I) = ξ ⊕ C · ∂ ∂t , where t is the variable of the I factor, and ξ is the pull-back of ξ through the natural projection of M × I onto the first factor.
Proof. The existence of a Stein cobordism is Lemma 2.2 of [9] , which is implicitly proved in [1] . The decomposition of T (M × I) is also implicit in [1] . Or, more directly, starting with any Stein cobordism M × I, by re-parameterizing the product structure using the normalized gradient flow of the plurisubhamonic function, and possibly shrinking the interval I (to avoid singularities of the plurisubhamonic function), we can modify the Stein structure to achieve the desired decomposition of T (M × I).
Before proving Theorem 1.8, we give an alternative description of stabilizations using convex surfaces.
Let K ⊂ (M, ξ) be a Legendrian knot. Choose an oriented embedded annulus A which has −K as one of it's boundary components, and such that the index of the . . . contact framing of K relative to the framing given by A is negative. We can isotope A relative to K to make it convex, and such that K has a standard annular collar A in A. (See, e.g., [14] for the definition of standard annular collars.) Then, by Legendrian Realization Principle, we can isotope A relative to K to make the curved lines in Figure 1 Legendrian without changing the dividing curves. Then these Legendrian curves are (Legendrianly isotopic to) the positive and negative stabilizations of K. By Giroux's Flexibility, we can again assume the stabilization has a standard annular collar neighborhood in A, and repeat the above process to obtain repeated stabilizations of K. This observation and Proposition 4.5 of [14] give the following lemma:
Lemma 2.4. Let K be a Legendrian knot in a contact 3-manifold (M, ξ). Then there is an embedded convex annulus A in M , such that ∂A = (−K) ∪ K ′ , and K ′ is (Legendrianly isotopic to) the repeated stabilization of K obtained by p positive stabilizations and s − p negative stabilizations. Moreover, if u and u ′ are the unit tangent vector fields of K and
Proof of Theorem 1.8. If p 1 = p 2 , then K 1 and K 2 are Legendrianly isotopic, and ξ 1 and ξ 2 are isotopic. Next, we prove that, if p 1 = p 2 , then ξ 1 and ξ 2 are not isotopic.
, where the attaching framing is given by the contact framing plus a left twist. For more details, see, [3, 9, 12] .
First we follow Gompf's arguments in [12] to give a decomposition of (T W, J i ). Let ϕ i : (∂D 2 ) × D 2 → M × I be the gluing map, and t the variable of the I factor in M × I. We extend the unit tangent vector of K i × {1} to a unit length section
is the unit tangent vector of ∂D 2 × {0}, and w i | ∂D 2 ×{0} is the unit outward normal. So (v i , w i )| ∂D 2 ×{0} is differed from the natural unitary framing of T (D 2 × D 2 )| ∂D 2 ×{0} by a closed path P 0 in SO(2) ⊂ SU (2). But SU (2) is simply connected. So P 0 spans a disk in SU (2), and, hence, (v i , w i )| ∂D 2 ×{0} extends over D 2 × {0}. For any x ∈ D 2 , (v i , w i )| ∂D 2 ×{x} is differed from the standard framing by a path P x in U (2), which is homotopic to the path P 0 ⊂ SU (2) ⊂ U (2). By gluing the homotopy between P x and P 0 and the disk spanned by P 0 , we see that P x spans a disk in U (2), and hence (v i , w i )| ∂D 2 ×{x} extends over D 2 × {x}. It's easy to see that we can make sure these extensions fit together to form a smooth unitary framing ( v i , w i ) of T (D 2 × D 2 ). Now, let ξ i be the complex sub-bundle of (T W, J i ) that's define as in Lemma 2.3 on M × I, and is spanned by v i on D 2 × D 2 , and η i the complex sub-bundle of (T W, J i ) spanned by − and w i fit together to be a globally non-vanishing section of it. Thus, c 1 (
Let A i ⊂ M × {0} be the annulus given by Lemma 2.4, and This implies that c + (ξ 1 ) = c + (ξ 2 ), and both of them are non-zero. So, ξ 1 and ξ 2 are a pair of non-isotopic tight contact structures. 2
